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Production Function

the two operate in the same marketplace, one group may
operate closer to best practice than the other. Education
and health care are two sectors in which numerous pub-
lic/private performance comparisons have been con-
ducted, with the empirical evidence being mixed.

A third hypothesis asserts that regulation matters. Ill-
designed regulatory frameworks inhibit best practice by
diverting resources away from production toward compli-
ance. Thoughtfully designed regulatory frameworks can
enhance best practice by providing incentives for organi-
zations to operate efficiently and to improve their effi-
ciency through time. One regulatory context in which
theoretical predictions have been quantified by empirical
investigation concerns the impact of alternative forms of
environmental control on organizational performance. In
this context, however, the private cost of reduced effi-
ciency must be balanced against the social benefits of envi-
ronmental protection.

The theoretical concept of production and cost fron-
tiers is universally accepted. However, the empirical
implementation of best-practice frontiers and their use in
the policy arena has attracted some criticism. One criti-
cism asserts that the mathematical framework is necessar-
ily incomplete and fails to incorporate the objectives of
and constraints faced by the organization and its stake-
holders. In 1976 George J. Stigler claimed that “waste is
not a useful economic concept. Waste is error within the
framework of modern economic analysis” (p. 216). A sec-
ond criticism asserts that the empirical implementation
fails to control adequately for variation in the operating
environment, thereby confusing variation in operating
efficiency with variation in factors beyond the control of
management. This concern has inhibited the use of best-
practice frontiers in evaluating the relative performance of
educational institutions, health care providers, and regu-
lated utilities.

SEE ALSO Fixed Coefficients Production Function;
Production; Production Function
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PRODUCTION
FUNCTION

The principal activity of a firm is to produce a good or
provide a service, that is, to turn inputs into output. To
represent this process, economists use an abstract model of
production. The central concept in this model is the pro-
duction function. A production function is a mathematical
description of the various technical production possibili-
ties faced by a firm. Algebraically, it is written as

q="1(x,Xe,... Xs) 1)

where g represents the flow of output produced and x;,
..., x are the flows of inputs, each measured in physical
quantities—for example, the number of bushels of corn
produced and the number of tractors and workers uti-
lized. Often, production functions appear in textbooks
written with two inputs as ¢ = f(4,/), where % denotes the
amount of capital and / denotes the amount of labor. To
simplify, we will use this production function in the
remainder of the entry. Equation (1) is assumed to pro-
vide, for any conceivable set of inputs, the engineer’s solu-
tion to the problem of how to best (most efficiently)
combine different quantities of those inputs to get the
output. Therefore, a production function can be under-
stood as a constraint on the activities of producers that is
imposed by the existing technology.

It is important to stress that, as noted above, equation
(1) is essentially an engineering relationship. As such, it
allows for no testing of economic hypotheses. Actual
observed data are the results of economic decisions in
which the production function is but one constraint.
However, the key question from an economic point of view
is how the levels of output and inputs are chosen by
profit-maximizing firms. Thus, economists use produc-
tion functions in conjunction with marginal productivity
theory (see below) to provide explanations of factor prices
and the levels of factor utilization. Whereas the engineer-
ing production function captures the maximum level of
output that can be achieved if the given inputs are effi-
ciently employed, the economic production function
reflects the “best-practice” use of the available input and
output combinations.
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PROPERTIES OF THE PRODUCTION
FUNCTION

The marginal physical product of an input is the additional
output that can be produced by employing one more unit
of that input while holding all other inputs constant.

0
Algebraically, 3_Z is the marginal physical product of
9q

capital, and a7 is the marginal physical product of labor.

It is assumed that both marginal products are positive,

G_Z >0 and % >0 (a negative marginal product

means that using more of the input in question results in

that is,

less output being produced). It is also usually assumed
that the production process exhibits diminishing marginal
productivity. This means that successive additions of one
factor while keeping the other one constant yields smaller

<0 and
0 k?

and smaller increases of output, that is, —=

2
0% < 0.
or?

Factor elasticity (€) is the percentage change in out-
put in response to an infinitesimal percentage change
in a factor given that all other factors are held fixed, that
is, €, = 991 and ¢, = aqk.

0l q Ok q
The margma[ rate of technical substitution (MRTYS)

shows the rate at which labor can be substituted for capi-
tal while holding output constant at the level g, that is,

MRTS (¢ for k) = _dk . It can also be shown that
9=90
the MRTS equals the negative of the ratio of marginal

productivities, that is, MRTS (¢ for k) = _dk =
8q dq Ally=g,
Y, 5 x This expression indicates that the gain in
output from increasing /slightly is exactly balanced by the
loss of output from suitably decreasing # (so as to keep
output constant at the level g,). It is important to note
that for large ratios of 4 to / the MRTS is a large positive
number, indicating that a large amount of capital can be
given up if one more unit of labor becomes available. On
the other hand, when a large amount of labor is already in
use, the MRTS is low, indicating that only a small amount
of capital can be exchanged for an additional unit of labor
if output is to be held constant. This is the so-called prop-
erty of diminishing MRTS, which states that progressively
reducing the amount of one input while maintaining a
constant output level will require progressively large
increases of the other input. Diminishing MRTS requires
both positive and diminishing marginal productivities

d (0q/0¢)

>0, that is, that an increase in capital

leads to a higher marginal productivity of labor.

Production Function

If the production function is given by g = f(,/) and
all inputs are multiplied by the same positive constant
t > 1, the degree of returns to scale can be classified as
follows: (1) constant if f(¢k,#) = tf (k) = rg; (2) increas-
ing if f(¢k,2l)>tf (k,[) = tg; and (3) decreasing if f(zk,t/) <
tf(k)) = 1.

The MRTS is a useful measure of substitutability of
one factor for another, given output. However, it depends
on the units in which both labor and capital are measured.
An alternative measure, independent of the units of meas-
urement, is the elasticity of substitution (o). It measures
the percentage change in the relative amount of the
factors employed resulting from a given percentage
change in the relative marginal products (that is, the
MRTS). Assuming there are only two factors of produc-
d(k/t) /d(MRTS). Given that 4// and
(k/1) MRTS
MRTS move in the same direction, o > 0. However, this
is not true in the case of a production function with more
than two inputs, in which case there are different defini-
tions of the elasticity of substitution (see Chambers 1994,
pp- 27-36). A high ¢ means that the MRTS does not
change much relative to #// In the extreme ¢ = oo, the two
inputs are said to be perfect substitutes. On the other
hand, a low o means that the MRTS will change by a sub-
stantial amount as 4// varies. For example, if o = 0, the
inputs are used in fixed proportions and substitution is
not possible.

tion: 0=

MOST COMMON PRODUCTION

FUNCTIONS

Fixed proportions (or Leontief): g = min(a,ka,l ), o,
a, > 0. This production function is characterized by
o = 0, as the marginal products are not defined. In this
case, capital and labor must be used in fixed proportions.
This production function offers a good approximation to
many real-world industrial processes.

Cobb-Douglas: q = Ak [>. This is the most ubiqui-
tous form in empirical analyses at the macroeco-

nomic level. The marginal product of capital equals
2

0%q
8k =ay(q/k)>0 (and W—al(al—l)(q//ez)<0

provided 0 < «;, < 1); and that of labor equals

2
a—q:az(q/é)>0 (and %: a(a,—1(q/1?)<0

ol
provided 0 < «a, < 1). This production function can
exhibit any degree of returns to scale, as A(zh)™'(#/ )™ =
At TR = %7 % In this production function, o =
1, that is, the elasticity of substitution does not vary with
the combination of factors used.

CES: q = y[6k" + (1 - &I P where ~> 0 is an

efficiency parameter; 0 < 6 < 1 is a distribution parameter;
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Production Function

p < 1 is the substitution parameter; and € > 0 denotes the
degree of returns to scale. For this production function,
f(th, ) = £ g; and p is the substitution parameter, which

equals p= =1 pj implies that the elasticity of sub-
o

stitution is o = 1/(1 — p).

Tianslog: logg = B, + B, logk + [3logl + ﬁ/e/e(log/e)2 +
16 ll(logl)z + 3,,(logk)(logl). Mathematically, this is a second-
order expansion, which is easy to implement empirically.
In this case, estimates of marginal products and the elas-
ticity of substitution are functions of the coefficients and
the input levels. This form is flexible in that it imposes no
assumptions on the elasticity of substitution. Other
widely used flexible forms include the quadratic and the
square root production functions (Beattie and Taylor

1985; Chambers 1994).

DUALITY

A major development since the late 1960s has been the
dual formulation of production theory. This approach
consists in recovering through the profit or cost functions
the properties of the underlying production function. The
cost function 7C (g, w, 7) represents the minimum cost of
producing output for any set of input costs (see Beattie
and Taylor 1985, chap. 6, and Chambers 1994). The dual
approach is very convenient in applied work because it
deals directly with observed economic data generated by
markets (that is, factor prices and output). For example,
the Cobb-Douglas cost function dual of the production
function ¢= AK"/[" is given by the expression 7C =
kq“"ra‘/"wazl", where £ is a constant, 7 is the user cost of
capital, w is the wage rate, and v =  + , is the degree
of returns to scale.

TECHNICAL PROGRESS

Technical progress in economics refers to the impact of
the adoption of new techniques on production (or cost).
Analytically, the simplest way to represent technical
progress is through a shift in the production function over
time, that is, ¢ = (4, / 1), where #is an index of the level
of technology. In the analysis of time series data (one
economic unit observed over time), time is used as a
proxy for # Technical progress is measured by how out-
put changes as time elapses with the input bundle held
constant. The rate of technical progress is defined as

Py (X
t

. The representation of technical

progress this way, though convenient, is very unrealistic,
for it assumes that technical progress does not require new
inputs and, further, that the production function main-
tains the same form as time elapses (see Chambers 1994,

chap. 6).
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PRODUCTION FUNCTIONS IN
APPLIED WORK

In this section, first, we provide some useful references for
the reader interested in estimating production functions
empirically; second, we provide examples of applications
in microeconomics; and finally, examples of applications
at the macroeconomic level.

Hands On: Estimating Production Functions Given the
availability of computers and sophisticated software pack-
ages, estimation of production functions (that is, the use
of statistical methods applied to real data in order to
obtain values of the relevant parameters, such as the factor
elasticities, the elasticity of substitution, or the degree of
returns to scale) does not present serious problems from
the technical and data points of view. Kenneth Wallis
(1979, chap. 2) offers a classical and very accessible intro-
duction to the estimation process. Ernst Berndt (1991,
chap. 9) also offers a hands-on approach. R. L. Thomas
(1993, chap. 11) offers a modern treatment with discus-
sion of recent advances in time-series econometrics, such
as unit roots and cointegration analyses. Estimation of
engineering production functions requires the availability
of data in physical terms for output and inputs. See Séren
Wibe (1984) for a survey of estimation of engineering
production functions. At aggregate levels (sectors or total
economy), there are now many databases that contain
series of output and inputs.

As noted above, economists use production functions
in conjunction with marginal productivity theory to pro-
vide explanations of factor prices and the levels of factors
utilization. Observed prices, output, and inputs are gener-
ated by a set of simultaneous relationships, and so it is
inappropriate to estimate the production function as a
single equation treating capital and labor as exogenous
variables. In the simplest case, assuming perfect competi-
tion in product and factor markets, the prices of output,
capital, and labor are exogenous. In the case of
the Cobb-Douglas production function, the marginal
productivity conditions are given by the equality of
the factor prices to the marginal productivities, that is

%Ia{q//@):’ and %:az(q/ﬂ):w, where 7

denotes the price of capital (that is, the user cost of capi-
tal) and w denotes the price of labor (that is, the wage
rate). The firm’s optimal output and input levels result
from jointly estimating these two equations together with
the production function ¢ = A¥™ /.

Examples of Applications in Microeconomics Efficient
production decisions require that the marginal productiv-
ity of an input equals its market price. Therefore, compar-
ing the marginal productivity with input prices permits
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the analyst to test whether inputs are allocated efficiently.
Pranab Bardhans “Size, Productivity, and Returns to
Scale” (1973) is a seminal paper in the literature. Bardhan
estimated farm production functions to test the efficiency
of land and labor allocations in rural areas of developing
economies. Likewise, Hanan Jacoby (1993) illustrates
how such tests can be refined and the difficulties in esti-
mating marginal labor productivities.

The degree of returns to scale displayed is of great
interest to market regulators. Mergers between rival com-
panies reduce costs and potentially enhance welfare if they
are in processes that are subject to increasing returns to
scale. Similarly, the argument for granting exclusive fran-
chises to operators providing certain public services (most
notably public utilities) hinges upon the assumption that
the activity displays increasing returns to scale over the rel-
evant range of output (see Train 1991).

Elasticities of substitution are important for under-
standing how changes in the price of one input impact the
demand for others. Ernst Berndt and David Wood
(1975), in the aftermath of the first oil shock, showed that
capital and energy were complements in U.S. manufactur-
ing. This implies that fiscal incentives to stimulate invest-
ment would promote greater energy use.

Examples of Applications in Macroeconomics In broad
terms, aggregate production functions are estimated
empirically in macroeconomic work for the following
purposes: (1) to obtain measures of the elasticity of substi-
tution between the factors, and the factor-demand price
elasticities; such measures are used for predicting the
effects upon the distribution of the national income of
changes in technology or factor supplies; (2) to apportion
total growth into the accumulation of factors of produc-
tion and technical change between two periods; (3) to test
theories and quantify their predictions; and (4) to assess
the likely effects of macroeconomic policies. Likewise,
much work in international trade and labor economics
uses the production function as one of their main pillars.

However, the most important application of produc-
tion functions in macroeconomics is in the field of growth
theory. Since the 1980s, the field of growth theory has
mushroomed with the development of the so-called
endogenous growth models (see, for example, Barro and
Sala-i-Martin 1995; Aghion and Howitt 1998; and Valdés
1999). These models posit production functions with
increasing returns to scale, an elasticity of capital of unity,
externalities, or some combination of these. In order to
assess the importance of these assumptions, economists
have estimated aggregate production functions for entire
economies, for the manufacturing sector, or for more nar-
rowly defined industry aggregates with a view to testing if
the real world is characterized by such phenomena. Paul
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Romer (1987), Robert Hall (1990), Ricardo Caballero
and Richard Lyons (1992), N. Gregory Mankiw et al.
(1992), David Backus et al. (1992), Susanto Basu and
John Fernald (1995, 1997), Craig Burnside (1996), and
others have attempted to document the empirical impor-
tance of the phenomena of increasing returns and exter-
nalities hypothesized by the new growth models.

The other important application of production the-
ory in the area of growth is referred to as growth account-
ing. Here the purpose is to decompose overall output
growth into the contributions of factor accumulation and
technological progress. In this case, the factor elasticities
are not estimated econometrically but assumed to be
equal to the factor shares (under profit maximization and
competitive markets), which can be obtained from the
national accounts. In fact, the purpose of growth account-
ing is to estimate residually the contribution of technical
progress (the shift in the production function) to overall
growth. In growth rates, the production function g =
Sk, L ) can be written as § =€ £+ ¢, [+ Twhere €, and
g, are the factor elasticities. The only unknown here is 7;
the rate of technical progress, which can be obtained as

T=g-¢cfk —¢,l

THE AGGREGATION PROBLEM

Macroeconomic work assumes that the economy pro-
duces a single homogenous output with “quantities” of
homogenous inputs. In most applied work, this assump-
tion is not even discussed, and applied economists use
published (aggregate) data from the national accounts, for
example. However, at the aggregate level, output and
inputs are not physical quantities. The output of a nation
(GDP) must be expressed in monetary units. Capital is
not measured as a collection of machines, but as the result
of a series of investments (thus also expressed in monetary
units) added up through the perpetual inventory method
and assuming some rate of depreciation. In other words,
in aggregate work, economists actually estimate V= F(},
L), and not g = f'(k, ), where V'is real aggregate value
added, L is total employment, and Jis the deflated or con-
stant-price value of the stock of capital. When these vari-
ables are used as arguments in a production function, they
present a serious problem. This is that aggregate produc-
tion functions cannot be, in general, derived theoretically.
If one asks for the conditions under which a series of
microproduction functions can be properly aggregated so
as to yield an aggregate production function, such condi-
tions are so stringent that it is difficult to believe that
actual economies can satisfy them. In other words, for
practical purposes, aggregate production functions do not
exist (Felipe and Fisher 2003, 2000).

This led a number of economists to ask the following
question: If aggregate production functions do not exist,
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Production Function

what do applied economists find when they get aggregate
data and estimate a regression? The answer is that all they
do is approximate the accounting identity that relates def-
initionally the value of total output to the sum of the
value of total inputs, thatis, V,= W, + I, = wl, + 1/,
where Vis real value added, Wis the total wage bill in real
terms, 1] denotes total profits (operating surplus in the
NIPA [National Income and Product Accounts] terminol-
ogy) also in real terms, w is the average real wage rate, L is
employment, 7 is the average ex-post real profit rate, and
Jis the deflated or constant-price value of the stock of cap-
ital. The symbol = indicates that the expression above is
an accounting identity. In a series of papers, Jesus Felipe
(2001), Felipe and E Gerard Adams (2005), and Felipe
and John S. L. McCombie (2001, 2003) have shown that
this identity can be rewritten as V' = K/, ). This argu-
ment explains why aggregate production functions,
despite the fact that they do not exist, tend to “work” (that
is, the fit is high when estimated econometrically and, at
least at times, the factor elasticities approximate the factor
shares), and why it deprives most applied work with
aggregate production functions of any meaning and sig-
nificance.

SEE ALSO Cambridge Capital Controversy; Physical
Capital; Production; Smith, Vernon L.
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